We analyze some properties of block BVMs for ODEs and introduce blended block BVMs. The latter are implicit methods characterized by a cheap iterative implementation, which makes them computationally very appealing.
Introduction
In the past years, many attempts have been made in order to derive numerical methods for ODEs obtained by combining simpler methods. A classical instance is given by the popular Â-method. Another one is given by the so-called blended methods [7, 12] . In both cases, the resulting scheme is obtained as a suitable combination of two basic methods belonging to the class of linear multistep formulae (LMF).
In the above-mentioned examples, the main reason for combining di erent methods was that of getting better qualitative behavior for the resulting formula, than that of the single-component methods. This is evident in the case of the Â-method, where one tries to get a numerical scheme which well performs, when applied to the usual test equation, both for q ≈ 0 and for q → ∞. Similar considerations hold true for blended methods.
In this paper we shall consider a similar approach by using block boundary value methods (B 2 VMs), recently introduced by Brugnano and Trigiante [3] [4] [5] , which have been used in the code GAM written by Iavernaro and Mazzia [11] . In particular, we shall show that suitable combinations of B 2 VMs may produce methods which:
1. may have better properties than those of the two component B 2 VMs; 2. allow a cheaper implementation, than that of the single-component methods.
Both aspects are, indeed, very important and will be examined in the sequel. In particular, the use of the presented methods is intended to overcome some of the problems raised in the ÿnal section in [1] , as we shall see in more details in Section 6.
The structure of the paper is the following: Section 2 is devoted to state the main facts about B 2 VMs. In Section 3 we introduce the new class of methods, called Blended B 2 VMs (B 3 VMs). In Sections 4 and 5 we study two families of methods in this class. Finally, in Section 6 some numerical tests are reported.
Block boundary value methods (B 2 VMs)
Block boundary value methods (B 2 VMs) have been derived as a particular implementation of boundary value methods (BVMs), which is a relatively new class of numerical methods for di erential equations (see [5] for a complete treatment of this subject). In order to brie y sketch such methods, let us consider the following initial value problem for ODEs, y = f(t; y); t ∈(t 0 ; T ]; y(t 0 ) = Á ∈ R m ;
to be approximated over the discrete set of points t i = t 0 + ih, i = 0; : : : ; N , where h = (T − t 0 )=N is the stepsize. One may then obtain an approximation over the ÿrst s6N points by using a B 2 VM based on k-step formulae, which deÿnes the following discrete problem:
A ⊗ I m y − hB ⊗ I m f = hb ⊗ f(t 0 ; Á) − a ⊗ Á;
where I m is the identity matrix of size m (the dimension of the continuous problem), and the vectors y and f contain the discrete solution and the corresponding values of the function f, respectively: evidently, once problem (2) has been solved, the last block entry of y will provide the initial condition for the subsequent integration, and so on. Finally, the augmented
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are deÿned such that the corresponding LMF,
i f n+i ; j = 1; : : : ; k;
all have a O(h p+1 ) truncation error, i.e. order p. In such a case, it is not di cult to prove that the block method has order of convergence at least p (see [10, 13] ). Among the previous formulae, the k 1 th one is repeated s − k + 1 times in the two matrices (3) and (4) (even though, each repetition acts on di erent components of the vectors y and f ). This method is called main method, whereas the remaining ones are called additional methods. Concerning the value of k 1 , we shall here consider the following choice:
From (3) -(4), one obtains that any blocksize s¿k is allowed for a B 2 VM based on k-step formulae. So far, blocksizes strictly greater than k have been successfully used (for example, in the code GAM). Nevertheless, we shall often consider the value s = k, which is the minimum value allowed. Deÿnition 1. A B 2 VM based on k-step methods and having blocksize s = k is called a minimal B 2 VM.
We observe that, for minimal B 2 VMs, the two matrices (3) and (4) become, respectively,
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1 : : :
1 : : : ÿ
Concerning the matricesÂ andB, the following result holds true.
Theorem 2. Let the two matricesÂ andB be deÿned according to (3)-(4); and let the corresponding B 2 VM have a O(h p+1 ) truncation error. Then one has
where 
Proof. In fact, (9) is nothing but the expression of the order conditions for each method corresponding to a given row ofÂ andB.
Other simple properties, to be used later, can be derived from the above result.
Corollary 3. Suppose that the minimal B 2 VM given by the two matrices (7)-(8) has a O(h k+2 ) truncation error. Then A is nonsingular if and only if B is nonsingular.
Proof. In fact, from Theorem 2, for s = k and p = k + 1 one obtains that
By neglecting the ÿrst two equations, one has then
where, in general, D (i : j) = diag(i; i + 1; : : : ; j). From the above relations, it then follows that
from which the thesis follows, by considering that W
We observe that B 2 VMs have the matrix A nonsingular by construction (this is a minimal requirement, in order to reproduce constant solutions). If they are also consistent (which we obviously assume) they can be also rewritten as Runge-Kutta methods. In fact, in (2) multiplication on the left by A −1 ⊗ I m gives
where e ≡ −A −1 a is the vector with all unit entries, from consistency. The expression (11) deÿnes the following RK method with s + 1 stages [5] 
where e s is the last unit vector in R s , and 0 s+1 is the zero vector in R s+1 .
Remark 4.
From the previous arguments, it follows that the matrix A −1B uniquely deÿnes tableau (12) . Actually, because of consistency conditions, the above method is uniquely determined once the matrix A −1 B is given. In such a case, in fact, the vector A −1 b (see (4)) is ÿxed. Consequently, we may consider as equivalent B 2 VMs having the same matrix A −1 B. It must be stressed, however, that the discrete problems generated by equivalent B 2 VMs are di erent. As a consequence, the methods for their e cient solution may greatly vary, depending on the particular problem, i.e. on the speciÿc form of the matrices A and B.
The above consideration allows us to state the following result (see also [13] ).
Corollary 5. The maximum order of the k-step formulae (5) deÿning a minimal B 2 VM is p=k +1. All minimal B 2 VMs satisfying such a property have the same matrix A −1 B. They are; therefore; equivalent.
Proof. In the above hypothesis, it follows that the truncation error of the B 2 VM is O(h k+2 ). Consequently, the result of Corollary 3 applies and, from (10), one obtains
The thesis then follows by considering that the right-hand side is independent of the particular method.
Moreover, it can be shown (see [13] ) that the order of convergence of minimal B 2 VMs having a O(h k+2 ) truncation error is k + 1 for k odd, and k + 2 for k even. When the B 2 VM is nonminimal, the order is k + 1 for all k¿1.
Equality (13) allows us to get some additional consideration concerning stability issues for minimal B 2 VMs. In fact, let us consider the usual test equation,
The application of (2) then gives the following discrete problem:
The study of the above equation permits to derive the linear stability properties of B 2 VMs [5, 10] .
In particular, the method is A-stable when |e T s y| ¡ |Á|, for all q ∈ C − . Nevertheless, this requires the above problem to be well posed for all such q. For this reason, we give the following deÿnition.
Deÿnition 6. A B 2 VM is said to be pre-stable if the spectrum of the corresponding matrix pencil A − B is contained in C + .
By direct inspection, from (13) one may verify that the corresponding minimal B 2 VMs have the spectrum of the matrix A −1 B contained in C + up to k = 8; in particular, it is possible to prove that such methods are perfectly A-stable (see, for example [13] ). In general, for nonminimal B 2 VMs we refer to [10] .
Blended block boundary value methods (B 3 VMs)
In this section, we introduce methods obtained as the combination of a couple of B 2 VMs. For sake of simplicity, we shall at ÿrst describe them when they are applied to the test equation (14) . Then, we look for methods generating a discrete problem in the following form:
where, being Â = Â(q) a suitable "weight" function, M (q) is a s × s matrix,
and the couples of augmented matriceŝ
deÿne two suitable B 2 VMs. Namely, the method is obtained as the combination of two component B 2 VMs, with the weights of the combination depending on q. In analogy with [12] , we call such a method blended block boundary value method (B 3 VM ). We observe that the B 3 VM (16) is uniquely deÿned by the following couple of augmented matrices depending on q:
The previous Deÿnition 6 of pre-stability for B 2 VMs generalizes to B 3 VMs as well, by requiring the matrix M (q) in (16) to be nonsingular for all q ∈ C − . Our concern is now that of appropriately choosing the two component B 2 VMs, along with the function Â(q). They will be chosen by looking for methods which allow to solve linear systems in the form (see (16))
by using an iterative procedure,
where the linear system with the matrix N (q) is much simpler to solve than (21). The above iteration converges to the solution of (21) if and only if the spectral radius, say (q), of the iteration matrix
is smaller than 1. According to [8, 9] , the region of convergence of the iteration (22) is given by = {q ∈ C: (q) ¡ 1}:
Moreover, the iteration is said to be A-convergent if C − ⊆ (A( )-convergence is similarly deÿned). A-convergence is a very remarkable property, as also stated by the following result. Proof. In fact, suppose that for a given q ∈ C − the matrix M (q) deÿned in (16) is singular. This means that the linear system (21) has either no solution or more than one solution. In both cases, this contradicts the fact that iteration (22) converges.
Another important property which iteration (22) should enjoy is that
Such a property, in fact, is desirable in order to have iteration (22) rapidly converging when the method is applied to sti problems [8, 9] . Taking into account all the above facts, we now give some practical criteria to deÿne the component methods and the function Â(q) of the B 3 VM (16). The latter function will be chosen so that
Namely, for q "small" the B 3 VM behaves essentially as the method deÿned by the matricesÂ 1 and B 1 , whereas the method deÿned byÂ 2 andB 2 is the most e ective when q is "large". From (24) one has that a good candidate for the weighting function Â(q) is in the form
The fact that ÿ is strictly positive, implies that the matrix M (q) is well deÿned for all q ∈ C − , which is a necessary condition for A-convergence.
Let us now consider the problem of choosing the two B 2 VMs deÿned by the couples (Â 1 ;B 1 ) and (Â 2 ;B 2 ). From (16) -(19) and (25), it follows that for q "small" the main contribute comes from the matrixÂ 1 . Consequently, for the ÿrst method, which should be more "active" in this range of q, we choose a B 2 VM having such a matrix as simple as possible. Good candidates for this purpose are then given by Block GAMs [5, 10, 11] , for which (see (3)) one haŝ
and the coe cients of the corresponding matrixB 1 (see (4) and (5)) are uniquely determined so that the truncation error on each equation deÿning the method is O(h k+2 ). For what said in Section 2, the order of convergence of the method turns out to be k + 2, for minimal methods with k even, and k + 1 otherwise.
Hereafter, again because of what stated in Section 2, we shall consider Block GAMs up to k = 8. Similarly, for q "large", the main contribute in (16) comes from the matrixB 2 . Consequently, for the second component method we shall choose such matrix as simple as possible. In the following, we shall consider two possibilities:
1. the ÿrst choice iŝ
and the corresponding parameter in (25) is ÿ =1. We call the obtained B 3 VMs blended block GAMs (B 2 GAMS), either minimal (s=k) or nonminimal (s¿k +1). Among nonminimal B 2 GAMs, we shall study in more detail the case s = k + 1; 2. the second choice that we consider iŝ
; ÿ ∈ (0:5; 1];
where ÿ is the same parameter in (25), and the entries of the matrixÂ 2 , see (3) - (6) , are uniquely determined in order that each equation of this B 2 VM has a O(h k+1 ) truncation error. We call the corresponding B 3 VMs hybrid blended block GAMs (HB 2 GAMs). In particular, we shall consider minimal HB 2 GAMs, obtained for s = k.
Corresponding to each one of the above possibilities, the matrix N (q) in (22) is chosen as
Such a choice, in fact, has several advantages:
• the matrix N (q) (see (26) - (28)) is Toeplitz lower bidiagonal (block Toeplitz lower bidiagonal when the continuous problem is not scalar) and, therefore, easily and cheaply invertible; • the matrix (29) deÿnes a ÿrst-order implicit method, which can be used as a predictor for iteration (22) . In more details, such method is the B 2 VM deÿned by the two matricesÂ 1 in (26) andB 2 in (28), where it is assumed ÿ = 1 in the case of B 2 GAMs; • property (23) for iteration (22) holds true. As a matter of fact, from (16), (17), (25) and (29) one has that
Evaluation parameters
In order to measure the convergence properties of iteration (22), we consider the following parameters [8] associated with it. The ÿrst, obvious, parameter is the maximum ampliÿcation factor for q ∈ C − , which, considering that the matrix N (q) −1 M (q) is deÿned for all such values of q (see (16), (17), (25) and (29)), can be deÿned as * = sup
Evidently, * 61 for A-convergent methods. Moreover, again following [8] , we introduce a couple of parameters which describe the convergence properties of the iteration (22) for q ≈ 0 and q → ∞.
In particular, for q ≈ 0, one has that 
Finally, we consider the sti ampliÿcation factor,
From (30) it follows that (∞) = 0. The previous parameters are deÿned through the eigenvalues of the involved matrices. Consequently, they describe the properties of the iteration (22) as r → ∞. In order to have more information when a ÿnite (possibly small) number of iterations are performed, the following averaged factors corresponding to iterations are deÿned [8] : * = sup
where, given a suitable matrix norm, (q) = (I s − N (q) −1 M (q)) ,
and, ÿnally,
Again from (30), one obtains that (∞) = 0; for all = 1; 2; 3; : : : :
We observe that parameter (34) can be regarded as a particular instance of the following more general one:
since, evidently, * ( =2) ≡ * . The latter parameter may be useful in the case where the iteration (22) is A-convergent, even though * ¿ 1, for a given ÿnite . In such a case, in fact, if one obtains that * ( =(2 + )) ¡ 1 for a small ¿ 0, this means that the iteration is "almost" A-convergent, with the given number of iterations .
The general case
Let us now derive the general expression of the B 3 VM (16) by applying the method to problem (1). The resulting discrete problem turns out to bẽ
where (see (19)), denoting by J the Jacobian of the function f at (t 0 ; Á),
From the above expressions, it is evident that the application of the method requires the factorization of the matrix
It is customary to solve Eq. (38) by using the modiÿed Newton method, then solving linear systems with the matrix
In place of such linear systems, we solve an inner iteration similar to (22), thus involving only linear systems with the matrix
The latter matrix is block Toeplitz lower bidiagonal, and its diagonal block is given by (39), which has already been factored to form the right-hand side of the linear system. We then conclude that, leaving aside for simplicity function and Jacobian evaluations, the arithmetic complexity for solving (38) when r Newton iterations are performed, each requiring inner iterations, amounts to The leading term is obviously due to the factorization of matrix (39). From this fact, one concludes that the proposed methods do have a cheap implementation, at least for large-size problems.
Blended block GAMs (B 2 GAMs)
In such a case, the B 3 VM is obtained as the combination of equivalent B 2 VMs (see (27)). Consequently, it has the same order and stability properties as the underlying Block GAM. Nevertheless, the discrete problem (16) generated by the B 3 VM di ers from those generated by the single-component methods. As a matter of fact, the former may be solved by using iteration (22), which turns out to be A-convergent, as we are going to see. Finally, we recall that, when s = k, minimal Block GAMs are perfectly A-stable, like the usual trapezoidal rule, up to k = 8. Nonetheless, they su er the same drawback of this formula, as q → ∞. In fact, from (16) - (18), (25) and (27), it follows that
In particular, the last component of the discrete solution turns out to be given by
Consequently, there is no damping as Re(q) → −∞, and it is well known that this is undesirable for sti problems. Conversely, by considering the blocksize s = k + 1 (i.e., both the component methods are nonminimal), we obtain that the last entry of the solution vector, for q 0, is
where g k is listed below (the values for k even are rounded to the second decimal digit). Consequently, now there is some damping for k even. Moreover, also in this case, the order and stability properties of the B 2 GAM coincide with those of the underlying Block GAM, namely they are perfectly A-stable for k odd [10] and A-stable for k even (in Fig. 1 the corresponding boundaries of the absolute stability regions are plotted, for completeness).
In Table 1 we report the evaluation parameters (31) -(33) for B 2 GAMs, both minimal and nonminimal. In both cases, one concludes that the corresponding iteration (22) is A-convergent. This implies (see Theorem 7) that B 2 GAMs, both minimal and nonminimal, are pre-stable methods.
In Table 2 we also list the evaluation parameters (34) -(37) for di erent values of (hereafter, the norm used is the ∞-norm). From this table, one concludes that only A( )-convergence could be practically expected for the highest-order methods, even though ¿ 2 =5. Nevertheless, we observe that, when a high-order method is used, usually the requested error tolerances are very small. Consequently, on the imaginary axis one should "work" only for, say, q ∈ (− i; i), with 1. In such The coe cients of Block GAMs may be found in [10] . The entries ofÂ 2 andB 2 are then determined according to (27).
Remark 8. It is worth noting that B 2 GAMs turn out to be A-convergent for all s¿k. As matter of fact, in Table 3 we list the value of the parameter (31) for k = 1; : : : ; 8, and s = k; : : : ; k + 10. As one can see, in each row of the table the value of the parameter * is almost constant, after the ÿrst few values of s. From Theorem 7 one then concludes that B 2 GAMs are pre-stable methods, for all allowed values of s. 
Hybrid-blended block GAMs (HB 2 GAMs)
We now study the properties of minimal HB 2 GAMs. First of all, let us consider the truncation error of the methods, by considering again the test equation (14), for simplicity. By settingŷ the vector with the values of the continuous solution at the grid points, for the ÿrst component method (the minimal Block GAM based on k-step formulae) one has
whereas for the second component method one has (see (28)),
However, when considering the overall method (see (16) - (20) and (25)), one obtains
That is, the corresponding minimal HB 2 GAM has still a O(h k+2 ) truncation error, and it can be seen that the order of convergence is k + 1. Alternatively, one may deÿne nonminimal HB 2 GAMs by using the Block GAM of order k + 1 and blocksize s = k + 1 as the ÿrst component method. In such a case, the entries of the matricesÂ 2 andB 2 (see (28)) can be uniquely determined in order to have
as well (namely, by using (k +1)-step LMF in each equation deÿning the second component method).
As a consequence, one obtains that (see (40)) the principal term of the truncation error of the corresponding nonminimal HB 2 GAM coincides with that of the Block GAM, which can be e ciently approximated via deferred correction [5, 11] . Another interesting property of HB 2 GAMs (both minimal and nonminimal) is the qualitative behavior of the discrete solutions as q → ∞, in which case one has that
From (28), one then obtains that for q 0 the last entry of the solution vector is given by
¡ ÿ61, it follows that there is a considerable potential damping, as s grows. In more detail, we have chosen ÿ according to the following values, where we also list the corresponding damping factors s : the ÿrst rows are relative to minimal HB 2 GAMs (s = k), whereas the second rows refer to the nonminimal methods (s = k + 1). It is evident that the damping factors of HB 2 GAMs compare almost always favorably with those of B 2 GAMs, in particular for the highest-order methods.
Concerning the choice of the parameter ÿ, it has been done in order to have satisfactory convergence properties for the corresponding iteration (22). Indeed, for all k = 1; : : : ; 8, it turns out that minimal HB 2 GAMs are A-convergent, as one may infer from Table 4 , where we list the corresponding evaluation parameters (31) -(33). From Theorem 7 one then concludes that minimal HB 2 GAMs are pre-stable methods. Nonminimal HB 2 GAMs are A-convergent up to k = 7: for k = 8, the method can be seen to be at least A(89
• )-convergent. In Table 5 we also report the corresponding parameters (34) -(37) for both minimal and nonminimal methods. 
Numerical tests
We here report some numerical tests on well-known problems taken from the literature. We ÿrst consider a modiÿed version of the sequential code GAM in [11] . The latter code is based on Block GAM (BGAM, hereafter) formulae, whereas the modiÿed code is based on the corresponding B 2 GAMs introduced in Section 4. The discrete problems generated by the methods are solved by a splitting-Newton iteration in the code GAM (see [11] for details), while an iteration similar to (22) is used in the modiÿed code. By comparing the two iterations, it turns out that the iteration used for B 2 GAMs is more robust and faster (in terms of iterations needed for convergence) than 
1 -8 0 0 0 0 0 0 0 0 that used for BGAMs (this can be also deduced by comparing the ampliÿcation factors in Tables  1-3 with the corresponding ampliÿcation factors in [11] ). As a matter of fact, the modiÿed code generally requires less function and Jacobian evaluations, than the original code. Nevertheless, each iteration for B 2 GAMs has an O(m 2 ) complexity section (we recall that m denotes the dimension of the continuous problem) which is approximately three times more expensive than that of the iteration used for the corresponding BGAM. Moreover, the variable order strategy of the code GAM is very well tuned for the BGAMs used. As a result, it turns out that the modiÿed code, used with variable order, is generally 30%-70% slower than the original code GAM. Things partially change when the two codes are used with a ÿxed order, in particular the highest one, that is 9 (k = 8). In such a case, in fact, one has that the iteration of the 9th-order B 2 GAM is much more robust than that used in the original code. As a matter of fact, the former iteration is A-convergent (see Section 4), whereas the latter does not [11] . In Tables 6 and 7 we report the obtained results, for the original remarks in [1] ). By using the inner iteration corresponding to HB 2 GAMs, such complexity is lowered to O(m 3 ) ops, thus overcoming the above mentioned problem. In Fig. 6 , there is the work-precision diagram for the "ring modulator" problem, a sti IVP of dimension 15 from the CWI test-set [14] , obtained on a Cray T3E parallel computer, where scd is as usual the number of signiÿcant computed digits in the discrete solution. Moreover, in the diagram the continuous line labelled "GAM" denotes the obtained results for the code GAM used with decreasing tolerances. The dotted line labelled "PGAMp" denotes the obtained results for the execution, on p processors, of the parallel code based on the 9th-order nonminimal HB 2 GAM (k = 8; s = 9). The coe cients of the matrixÂ 2 of this method are listed in Table 8 (   (i) j is the (i; j + 1)th entry of the matrix, i = 1; : : : ; 9, j = 0; : : : ; 9); the corresponding matrixB 2 (see (28)) is obtained for ÿ = 0:88, as it has been already said in Section 5. Finally, the dotted line labelled "PGAM * " corresponds to the best asymptotic parallel performance for the parallel solver (full details will be given in [2] ). From the ÿgure, one has that the parallel code, when executed on 32 processors, is always faster than the sequential code GAM and, asymptotically, it is about 2.5 times faster (for such problem). This result could be further improved, by considering that the ÿrst step of the parallel procedure, based on a sequential, low-order method which determines the mesh [6] , needs to be improved as well. In fact, by looking at Fig. 7 , it turns out that at least twice the number of mesh points needed by the code GAM is required by the current version of the parallel code to obtain a comparable accuracy. This problem will be the further investigated. Nevertheless, the results obtained so far seem to conÿrm that the second step of the procedure, based on nonminimal HB 2 GAMs, is quite e cient and reliable.
